Abstract. The author obtains an estimate for the spatial gradient of solutions of the heat equation, subject to a homogeneous Neumann boundary condition, in terms of the gradient of the initial data. The proof is accomplished via the maximum principle; the main assumption is that the sufficiently smooth boundary be convex.
Introduction
In [1] the writer obtained an estimate for the spatial gradient of the solution u(x, t) of the following initial-boundary value problem for the heat equation:
(1.1)
where Ω is a bounded domain in R n , n 2. Assuming that f (x) ∈ C 1 (Ω) and vanished on ∂Ω; and that ∂Ω was C 3 and satisfied an appropriate mean curvature condition (see (1.6) in [1]), the estimate
was obtained as a consequence of the maximum principle. (Here grad u(x, t) denotes the gradient with respect to the spatial variables x).
The purpose of this paper is to obtain the same estimate for solutions of the problem (1.1) in which u satisfies a homogeneous Neumann boundary condition rather than a homogeneous Dirichlet boundary condition.
In order to obtain this result we need a stronger assumption on ∂Ω than the mean curvature assumption (1.6) made in [1] . In fact we need to assume that ∂Ω satisfies a convexity condition.
To describe this condition let p be a typical point on ∂Ω and suppose that after suitable rotation and translation of our coordinate system placing p at the origin of the system, the portion of ∂Ω lying in a neighbourhood of p is the surface corresponding to the function
where (x 1 , . . . , x n−1 ) varies over a neighbourhood of (x 1 = 0, . . ., x n−1 = 0), with g(0, . . . , 0) = 0 and with the positive x n direction corresponding to the outward normal direction from ∂Ω at p. Then the convexity condition that we shall assume ∂Ω to satisfy is that
We can now state the result we wish to prove as follows:
with f (x) ∈ C 1 (Ω) and satisfying the boundary condition
Suppose further that ∂Ω ∈ C 3 and satisfies the convexity condition (1.4). Then The proof of the theorem will be presented in the following section of the paper.
